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ABSTRACT 

A definition of the "Shapley value" of games with a continuum of players 
and a formula for this value are given for a certain class of games, regarding 
them as limits of games with a finite number of players. 

Introduction. The notion of  "the Shapley value" of an n-person game is 
well-known [3]. I f  the game is given in the characteristic function form, it is 

possible to write down a formula for the value. Here we shall treat the value 

problem for games with a continuum of players. 
A definition and a formula were given for certain such games by R. J. Aumann 

and by L. S. Shapley in an unpublished work, using invertible strongly mixing 
measure-preserving transformations. In this paper, we shall show that the same 
formula can be obtained by regarding the continuous game as a "l imit",  in 

suitable sense, of  a sequence of  finite games. 
The characteristic function of an n-person game is a real-valued function v, 

defined on the subsets S of  the set N = {1, ...,n} of  the players. The Shapley 

value w(i) of  the player i is given by 

(1.1) w(i) = • (n - s)!(s - 1)! s_~ .!  [v(s) - v ( s  - {i})] 

where s is the cardinality of  S. 
The characteristic function of  a game with a continuum of  players is a real 

valued function v, defined on the measurable subsets of  [0, 1 ]. In this case, there is no 

immediate analogue of (1.1). 
Let f ( x l ,  "",Xk) be a C 1 function of the k real variables x l ,  "",Xk in the rect- 

angle 0 < x~ <-_ a~, . . . ,0  < Xk < ak. Let  p~, "",l~k be non-negative measures on 

[0,1],  absolutely continuous w.r.t. Lebesgue measure, such that /~([0,1]) = a v 

Let the characteristic function v be given by 

(1.2) v(T)  = f(/~l(T), "",l.tk(T)), T ~_ [0,1]. 
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This case was treated by Aumann and Shapley. Using invertible strongly mixing 
measure-preserving transformations, the formula 

fo' ( ° s , )  (1.3) w(T) = #i(T) f i (al  x, "", akX)dx, fi  = 
i= 

was obtained for the Shapley value w(T). 
We shall arrive at (1.3) in another way. 
Let T _ [0,1] and let us be given a dense decreasing sequence of partitions 

[2, pp. 171, 172] of [0,1] ([0,1] = [,.J~'¢=~A/¢'n)) such that T=~,J~:(A~'~  ). It is - (-) 
well-known ([2, p. 172]) that in this case limm-+~omaxl~i~,(,,)lx(Ai ) =  0. For 
every m, consider the n(m)-person game whose characteristic function is given by 
Om({il,'", is}) ---- O(U~ = 1 "=ira(m)," ~ Define Wm(A[ m)) (1 -< i <- n(m)) to be the Shapley 
value of the i-th player for this m-th game. According to (1.1), 

(1.4) wra(a~ m)) = Z (n(m) - s)!(s - 1)! 
S=-N n(m)! [Vm(S) - vm(S -- {i})] 

where N is the set {a, ..., n(m)} ands  is the cardinality of S. If R=I,.J~=IAi~ "), 
define wm(R ) b y  Wm(R ) r (m) = ~j=lw,~(Aij ). If the limit lim,,_,~wm(T)a a = w(T) 
exists, we shall define the Shapley value of the game v to be equal to w. This 
limit does exist in the case treated by the following 

THEOREM. I f  v ( T ) = f ( l q ( T ) , . . . , p k ( T ) ) ,  where fsCl([O, al] x ... x [0, ak]) 
and Pi are absolutely continuous non-negative measures with #i([0,1])= ai, 
then limm_. ® win(T) exists for  all measurable T and is given by (1.3). 

The author wishes to thank R. J. Aumann and M. A. Perles for some very 
helpful conversations concerning this theorem. Also, M. A. Pefles has privately 
communicated to the author various extensions of the results of this paper. 

2. Proof of  the Theorem. 
Let us write n(m) : n and omit the superscript m. 

wm(ai) = • ( n  - -  s )  !(s - -  1)  ! 
S~N n ! [vm(S ) - v . , ( S -  {i})] 

= Z ( n - s ) ! ( s -  Z . , 0 3 .  
ieS~N n| 

) _ 
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The last equation follows from the mean value theorem, 0 < 0 < 1. 

Hence 

k 

(2.1) w,,(A~) -- Z /#(AI) Z 
r = l  tQS=--N 

so that if we could prove that 

( n  - s ) ! ( s  - 1 ) !  

n! f , (  ... ) 

(2.2) lim ~., (n - s)!(s - 1)! f~ 
ra..~oo i e S ~ N  n !  f r ( " "  ) = f r (a lx , . . . , a t ` x )dx ,  

uniformly in i, it would follow that 

(2.3) fo I w,,(T) ~ ~, g,(T) f,(al x, ..., at`x) dx. 
r = l  

Indeed, because of (2.2), for every e > 0 there exists an M such that 

m > M =:,. I • (n -- s)t(s - 1)! 
I~S=_N n! 

f~( ... ) -  (axx,...,at, x) dx < e; 

hence 

w,, , (T)-  ~E #,(T) f ,(atx,  ...,at`)dx 
r--'--I 

t t` t 1 

= [j~=t wm(AIj)- r~l 2~--1/#(AlJ)fo f r (alx , '" ,akx)dx I 

= I ~ ~" ~,.(a,,) Y. ( n -  s)!(s- 1)! ... 
r I j= l  ~j~S~N n! "f'( ) 

-- r=lX j~__ lg,(A,~).= (atx, '",at,  x) dx 

" ' [ (n - s)!(s- 1)! 
<-- ~ 7" t t ' (aO I Z n! Y'("" ) 

r = l  j = l  ijeSC-N 

- fol fralx, '" ,at`x)dx [ 

( 6 )  -_< • #,(T)" e. T = A~j 
r----1 j = l  

It remains to prove (2.2). 
If  i e S ~ N, then S' = S - {i} = N - {i} = N'  and 
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( n  - s ) ! ( s  - 1)! _ 1 . ( n - l - ( s - 1 ) ) l ( s - 1 ) l  

n! n ( n - 1 ) t  

There are 

sets in N '  having exactly s - 1 elements. Recalling the definition of the Riemann 
integral, it follows that it suffices (for proving (2.2)) to show that 

,24, ,ira (n-s,(s-l>, ( s - i ) }  
. ~  ,~,~_N G -  Hi' L ( . . . ) - L  a~,_ l '""ak~--z-i- =o, 

uniformly in i. 

But p , ( j U s A j )  - 0p,(A,)= • • i ( A , ) + ( I - O ) # , ( A , ) .  
J~s-{0 

Hence, we may reformulate our problem as follows: Given a continuous function 
g on the rectangle 0 -<_ xt -< as, i = 1, ..., k, and given a set of partitions 

n--1 / 
a i  = ~ ,  a~, i = 1, . . . ,  k , 

j = l  
show that 

m..I,,A-'O S-=N' (n--  1)! g ~ ' " "  j j ~ S  
ISl = s - 1  

( 
- -  g \ ~"Z-~_ 1 a l , , - -  _ l 

~ 0 .  

We shall use some concepts of probability theory. Our sample space will be 
the set of all subsets S of N '  having s - 1 members, giving every element S of the 
sample space the same probability 

1 ( n  - s ) ! ( s  - 1)!  

Define a random variable X (°(S) by X (0 (S) = ~ ~ s g~. Then 

E ( X (  0 ) s - 1 a .  
= n - 1  '" 

According to the Chebyshev inequality, 
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Using a wel l -known fo rmula  [1, p. 188, Ex. 16 with ni = 1] we find tha t  

n-1 

a 2 ~__.j=l 
n - 1  

V a r ( X  ~i)) = a2( s - 1)(n - s) 
n - 2  

n-I ] 2  

n ' l  

n--1 
. - 2  X;  

- X - -  
n - 1  j = i  n - 1  

where 

~n-1 1 n-1 
I f  max  ]0~[ < 5, then k=l  C~[ < 5, and a 2 < ~ ~ aJ8 = 8a----2-t 

n - 1  = n - 1  j = t  n - l "  

Therefore ,  

8 (s - 1)(n - s) < 2e.ai. 
(2.6) Var(X(i)) < -n-Sl-1 ai n - 2 

Hence P r ( [ X  t ° -  a. s -  1 > t ) <  28a______~ and if we set e = t 3 we find that  
' n - 1  = = t 2 '  

P r ( [ "  ~i) s - 1, et  -ai-~---_-__l[ > t ) < C t ;  C is a constant  which does not  depend on s 

or  n.  The funct ion g is cont inuous on a closed rectangle, and therefore,  is also 

bounded  and uniformly continuous.  Since we can make  t arbi trar i ly small  our  
assert ion follows. 
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